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We experimentally and numerically demonstrate the dual synchronization of chaos in two pairs of one-way-
coupled Mackey-Glass electronic circuits with time-delayed feedback. The outputs of the two drive circuits are
mixed and used both for the feedback signal to the two drive circuits and for the transmission signal to the two
response circuits. We investigate the regions for achieving dual synchronization of chaos when the delay time
is mismatched between the drive and response circuits.

DOI: 10.1103/PhysRevE.75.016207 PACS number�s�: 05.45.Xt

I. INTRODUCTION

Chaos synchronization has attracted increased interest for
the applications of secure communications �1,2� and spread-
spectrum communications �3�. Chaos synchronization can be
used for sharing identical chaos in a transmitter and a re-
ceiver as a cryptographical code. Many studies on synchro-
nization of chaos have been reported in one-way-coupled
chaotic systems �1,2�. However, since the configuration of
synchronization is limited to a single pair of one-way-
coupled oscillators, this method cannot be applied for mul-
tiuser communication systems �4�.

The technique of multiplexing is a very important issue
for high-capacity communications �4�. Multiplexing chaos
using synchronization has been reported in a simple map and
electronic circuit model �5�. Dual synchronization of chaos
for synchronizing two different pairs of chaotic maps and
delay-differential equations has also been investigated �6�.
Dual synchronization of chaos is a method to separate two
mixed chaotic signals by using synchronization �6–8�. To
synchronize each pair of chaotic systems, all the parameter
settings must be identical between the transmitter and the
receiver, whereas they must be slightly shifted between dif-
ferent pairs of chaotic systems. We have experimentally and
numerically demonstrated dual synchronization of chaos in
both microchip solid-state lasers and Colpitts electronic os-
cillators �7,8�. A similar scheme has been demonstrated in
Chua circuits and Kennedy oscillators �9�. In the scheme of
Ref. �8� the signals from both of the two response circuits are
required to separate one of the drive signals from the other
drive signal. All the response systems need to be synchro-
nized to achieve dual synchronization �8�.

In this paper, we propose a scheme for dual synchroniza-
tion by introducing a time-delayed coupling between two
drive systems, instead of a coupling between two response
systems as seen in Ref. �8�. We can separate two mixed drive
signals by using one response system in this coupling
scheme. Our scheme is similar to the method for synchroni-
zation of globally coupled systems, as numerically demon-
strated in Ref. �4�. However, we present experimental dem-
onstration of dual synchronization of chaos to separate
mixed chaotic signals in drive-coupled systems. We also in-
troduce time-delay systems to increase the number of mixed
chaotic attractors for multiplexing, since we can obtain a
variety of chaotic attractors by changing delay time. We use
Mackey-Glass electronic circuits with time-delayed feedback
�10–12� and demonstrate the dual synchronization of chaos
experimentally and numerically. The degree of synchroniza-
tion is quantitatively evaluated by using cross correlation.
We investigate the parameter regions for achieving dual syn-
chronization when the delay time is mismatched between the
drive and response circuits.

II. EXPERIMENT

A. Experimental setup

Figure 1 shows the diagram of our Mackey-Glass elec-
tronic circuit �11,12�. The circuit consists of a nonlinear part,
amplifiers, a RC filter, and a delay line. A pair of p-channel
and n-channel field-effect transistors �2SJ103 and
2SK30ATM, Toshiba� are used for generating the nonlinear
function. Three operational amplifiers �LM741/CN, National
Semiconductor� are used as electronic amplifiers. Time delay

FIG. 1. Circuit diagram of the Mackey-Glass electronic circuit.
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is introduced by using 50 pairs �not shown in Fig. 1� of
capacitors of 10 nF �MMT50V103J, Nissei� and inductors of
4.7 mH �LHB0812-472K, OLE�. One pair of the capacitor
and inductor corresponds to the delay time of 6.0 �s. We can
change the delay time by selecting the number of capacitor-
inductor pairs. The time-delayed signal is fed back to the
nonlinear part �transistor� to generate chaotic oscillations.
We built four Mackey-Glass electronic circuits to test dual
synchronization.

Figure 2 shows a block diagram for dual synchronization
of chaos in Mackey-Glass electronic circuits with time delay.
Two of the four electronic circuits are used as drive systems
�drive 1 and drive 2�. The other two circuits are used as
response systems �response 1 and response 2�. The voltages
after the delay line in the two drive systems are added at an
adder circuit and fed back to the nonlinear part �transistor� of
each drive system with time delay to generate chaotic oscil-
lations. This mixed feedback signal is also used as a trans-
mission signal, and the signal is unidirectionally transmitted

to the nonlinear parts and delay lines of the two response
systems through an amplifier �gain of 1� for dual synchroni-
zation. No feedback signal is used for the two response sys-
tems to maintain the symmetry between the drive and re-
sponse systems. All the parameters need to be matched
between drive 1 and response 1, and between drive 2 and
response 2, whereas some parameters for drive 1 and drive 2
are set to be different for achieving dual synchronization.
When synchronization manifolds are stable between drive 1
and response 1, and between drive 2 and response 2, dual
synchronization can be achieved.

B. Experimental results

We chose the delay time of 228 �s for drive 1 and re-
sponse 1, and 307 �s for drive 2 and response 2. We also
changed the shape of the nonlinear functions between drive 1
and drive 2. We selected the p-channel field-effect transistor
of 2SJ103 �Toshiba� for drive 1 and response 1, and 2SJ104
�Toshiba� for drive 2 and response 2. The shapes of the non-
linear functions for drive 1 and drive 2 are different as shown
in Fig. 3. Figure 4 shows chaotic attractors generated in drive
1 and drive 2. Two different chaotic attractors are observed
for the two drive circuits with different delay times and dif-
ferent shapes of the nonlinear functions. The delay time cor-
responds to a half period of the chaotic wave form. When all
the circuits are coupled as shown in Fig. 2, dual synchroni-
zation is observed. Figure 5 shows the temporal wave forms
of the voltages for all four electronic circuits and the corre-FIG. 3. Nonlinear functions for �a� drive 1 and �b� drive 2.

FIG. 4. Chaotic attractors generated in �a� drive 1 and �b�
drive 2.

FIG. 2. Block diagram for dual synchronization of chaos in
Mackey-Glass electronic circuits with time delay.
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lation plots of the pairs of drive 1–response 1, drive
2–response 2, and drive 1–response 2. Synchronization of
chaotic oscillations is independently achieved for the pairs of
drive 1–response 1 and drive 2–response 2, as shown in Figs.
5�a�–5�d�. A good linear correlation is observed as shown in
Figs. 5�b� and 5�d�. Conversely, synchronization of chaos is
not achieved for the pair of drive 1–response 2, as shown in
Figs. 5�e� and 5�f�.

C. Parameter dependence

To investigate the characteristics of dual synchronization,
we introduce the cross correlation C of two temporal wave
forms normalized by the product of their standard deviations,
i.e.,

C =
��Vd − V̄d��Vr − V̄r��

�d�r
, �1�

where Vd and Vr are the voltages of the drive and response

circuits, V̄d and V̄r are the mean values of the drive and
response wave forms, and �d and �r are the standard devia-
tions of the drive and response wave forms. The angular
brackets denote time averaging.

We quantitatively investigate chaos-synchronization re-
gions against parameter mismatch in the two pairs of
Mackey-Glass electronic circuits. The delay times for drive
1, response 1, and drive 2 are fixed at 327, 327, and 398 �s,

respectively. The delay time of response 2 is changed and the
cross correlation between the temporal wave forms of drive 2
and response 2 is calculated. Figure 6 shows the cross cor-
relation of the two temporal wave forms for the pair of drive
2 and response 2. We found that the best correlation is ob-
tained at the matched delay time for the pair of drive 2 and
response 2. This result demonstrates that mismatched delay
times reduce the accuracy of synchronization. We also found
that it is important to set parameters significantly different

FIG. 5. Experimental results of temporal
wave forms and their correlation plots. �a�, �b�
drive 1 and response 1, �c�, �d� drive 2 and re-
sponse 2, and �e�, �f� drive 1 and response 2. Dual
synchronization is achieved in the pair of drive
1–response 1 and drive 2–response 2.

FIG. 6. Cross correlation between drive 2 and response 2 as a
function of the delay time for response 2. The vertical arrows indi-
cate the parameter matching condition of the delay time �398 �s�.
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between drive 1 and drive 2 for the achievement of dual
synchronization. When similar chaotic attractors are mixed
in the drive systems, the two response circuits cannot distin-
guish between the two chaotic attractors and can synchronize
with one of the drive circuits �e.g., drive 1 and response 2
can be synchronized�. Therefore, one cannot control the pair
of synchronization under the mixing of similar chaotic at-
tractors. Time-delayed chaotic systems are suitable for a dual
synchronization scheme since chaotic attractors can be sig-
nificantly changed at different delay times.

III. NUMERICAL SIMULATION

A. Model

To explain our experimental observation, we numerically
calculate a model for coupled Mackey-Glass electronic cir-
cuits shown in Fig. 2. The model equations are as follows:

dVd1�t�
dt

=
ad1cd1�Vd1�t − �d1� + Vd2�t − �d2��

1 + �cd1�Vd1�t − �d1� + Vd2�t − �d2���nd1
− bd1Vd1�t� ,

�2�

dVd2�t�
dt

=
ad2cd2�Vd1�t − �d1� + Vd2�t − �d2��

1 + �cd2�Vd1�t − �d1� + Vd2�t − �d2���nd2
− bd2Vd2�t� ,

�3�

dVr1�t�
dt

=
ar1cr1�Vd1�t − �d1� + Vd2�t − �d2��

1 + �cr1�Vd1�t − �d1� + Vd2�t − �d2���nr1
− br1Vr1�t� ,

�4�

dVr2�t�
dt

=
ar2cr2�Vd1�t − �d1� + Vd2�t − �d2��

1 + �cr2�Vd1�t − �d1� + Vd2�t − �d2���nr2
− br2Vr2�t� ,

�5�

where V�t� is the voltage of the Mackey-Glass electronic
circuits. The subscripts d1, d2, r1, and r2 indicate drive 1,
drive 2, response 1, and response 2, respectively. a is the
height of the nonlinear function, b is the RC constant, � is the
delay time, n is the shape of the nonlinear function, and c is
the feedback or coupling strength. All the parameter values
are matched between drive 1 and response 1, and between
drive 2 and response 2. However, some of the parameter
values are different between drive 1 and drive 2. The param-
eter values are set as follows: for drive 1 and response 1,
ad1=ar1=3.2, nd1=nr1=4.5, �d1=�r1=8.2, bd1=br1=1.0, and
cd1=cr1=1.0; for drive 2 and response 2, ad2=ar2=2.0, nd2
=nr2=10.0, �d2=�r2=11.0, bd2=br2=1.0, and cd2=cr2=1.0.
We compared the time-delayed drive wave form Vd�t−�d�
with the time-delayed response wave form Vr�t−�r� to evalu-
ate the accuracy of synchronization. The matching of the
delay time between the drive and response systems is re-
quired for high quality of synchronization.

B. Numerical results

Figure 7 shows chaotic attractors generated in drive 1 and
drive 2. These attractors are qualitatively similar to those
observed in out experiment �see Fig. 4�. Figure 8 shows the
numerical results of temporal wave forms and their correla-
tion plots for dual synchronization. Chaos synchronization is
achieved between drive 1 and response 1, and between drive
2 and response 2 as shown in Figs. 8�a�–8�d�. Conversely, no
synchronization is observed between drive 1 and response 2
�Figs. 8�e� and 8�f��. These numerical results agree well with
our experimental observation shown in Fig. 5.

C. Parameter dependence

We changed the delay time of response 2 and investigated
the degree of synchronization between drive 2 and response
2. Figure 9 shows the cross correlation of the two temporal
wave forms between drive 2 and response 2 as a function of
the delay time for response 2. We found that synchronization
can be achieved when the delay time for response 2 is set to
be equal to the delay time for drive 2. This result demon-
strates that mismatched delay times reduce the accuracy of
synchronization. The result of Fig. 9 agrees well with our
experimental observation shown in Fig. 6.

Our dual-synchronization scheme can be extended for
many pairs of drive-response systems �i.e., multiple synchro-
nization�. The crucial point is the coupling between the drive
systems, because this coupling makes the drive systems syn-
chronized. We carefully need to choose different parameter
values for the drive systems to avoid synchronization among
the drive systems. The increase of the pairs of drive-response
systems is currently under investigation for multiple
synchronization.

FIG. 7. �a� Chaotic attractors for �a� drive 1 and �b� drive 2
generated by numerical simulation.
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IV. CONCLUSION

We have demonstrated dual synchronization of chaos in
two pairs of one-way-coupled Mackey-Glass electronic cir-
cuits. The outputs of the two drive circuits are added and
used both for the feedback signal to the two drive circuits
and for the transmission signal to the two response circuits.
The delay time and the shape of nonlinear function are set to

be different between drive 1 and drive 2, whereas all the
parameters are set to be identical between drive 1 and re-
sponse 1, and between drive 2 and response 2. We have
observed dual synchronization of chaos in both experiment
and numerical calculation. We have also investigated the re-
gions for achieving dual synchronization of chaos when the
delay time is mismatched between the drive and response
circuits. We found that synchronization can be achieved
when the delay time for the response circuit is set to be equal
to the delay time for the drive circuit. The technique of dual
synchronization could be useful for multiplexing communi-
cations using chaos and for the identification of chaos from
mixed chaotic wave forms.
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FIG. 8. Numerical results of temporal wave
forms and their correlation plots. �a�, �b� drive 1
and response 1, �c�, �d� drive 2 and response 2,
and �e�, �f� drive 1 and response 2. Dual synchro-
nization is achieved in the pair of drive
1–response 1 and drive 2–response 2.

FIG. 9. Numerical result of cross correlation between drive 2
and response 2 as a function of the delay time for response 2. The
vertical arrows indicate the parameter matching condition of the
delay time ��d2=�r2=11.0�.
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